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Abstract. In the present paper, we deal with a fourth-order boundary 
value problem problem with eigenparameter dependent boundary con- 
ditions and transmission conditions at a interior point. A self-adjoint 
{-jjqj linear operator A is defined in a suitable Hilbert space H such that the 

r—{ _ eigenvalues of such a problem coincide with those of A. We obtain as- 

ymptotic formulae for its eigenvalues and fundamental solutions. Our 
applications possess a number of interesting properties for studying in 
boundary value problems which we state in this paper. 
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1. Introduction 

It is well-known that many topics in mathematical physics require the in- 
vestigation of eigenvalues and eigenfunctions of Sturm-Liouville type bound- 
ary value problems. In recent years, more and more researchers are in- 
terested in the discontinuous Sturm-Liouville problem (see [1-6]). Various 
physics applications of this kind problem are found in many literatures, 
including some boundary value problem with transmission conditions that 
arise in the theory of heat and mass transfer (see [8,9]). The literature on 
such results is voluminous and we refer to [1-11] ■ 

Fourth-order discontinuous boundary value problems with eigen-dependent 
boundary conditions and with two supplementary transmission conditions 
at the point of discontinuity have been investigated in [12,13]. Note that dis- 
continuous Sturm-Liouville problems with eigen-dependent boundary con- 
ditions and with four supplementary transmission conditions at the points 
of discontinuity have been investigated in [3] . 

In this study, we shall consider a fourth-order differential equation 

(1.1) Lu := (a (x) u" (x)Y + q(x)u(x) = Xu(x) 
on I = [—1, 0) U (0, 1] , with boundary conditions at x = — 1 

(1.2) Lin := u(-l) = 0, 

(1.3) L 2 u := /3X(-1) + P 2 u" (-1) = 0, 



with the six transmission conditions at the points of discontinuity x = 0, 

l 
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(1.4) 
(1.5) 
(1.6) 
(1.7) 



L 3 u:=u(0+) -u(O-) = 0, 
L 4 u:=u' (0+) -u'(O-) = 0, 
7 5 n := «" (0+) - u" (0-) + A<W (0-) = 
L 6 u := u" (0+) - v!" (0-) + A5 2 u (0-) 



0, 
= 0, 



and the eigen-dependent boundary conditions at x = 1 

(1.8) L7U := An (1) + u"'(\) = 0, 

(1.9) L 8 u := \u' (1) + u"{\) = 0, 

where a (or) = a|, for x € [—1, 0) , a (x) = a 2 , for x G (0, 1] , a± > and a 2 > 
are given real numbers, q(x) is a given real-valued function continuous in 
[—1,0) U (0, 1] and has a finite limit q(0±) = lim^^o ±q(x); A is a complex 
eigenvalue parameter; /3j,5j (i = 1,2) are real numbers and 1/3x1 + |/3 2 | / 0, 
|*i| + N 7^0. 

2. Preliminaries 

Firstly we define the inner product in L 2 for every f,g£L 2 (I) as 



I f0 _ 1 /•! 

>#)i = -4 / fi9idx + — / 



where /i(x) 



f292dx, 

(0,1] • It is easy to see that 



/0*0 I [-1,0) , /2(a) = /(a:) 
(7 2 (7) ,[•,•]) is a Hilbert space. Now we define the inner product in the 
direct sum of spaces l 2 (/) c e c e c Sl © Q 2 by 

[F,G] := (/,£}i + (huh) + (h 2 ,k 2 ) + (h 3 ,k 3 ) + (h 4 ,k 4 ) 

for 

F := (/, h!,h 2 , h 3 , h 4 ) , G := {g, k u k 2 , k 3 , k 4 ) G L 2 (7) C C © C 5l Q 2 . 

Then Z := (7 2 (7) © C © C © C Sl © Q 2 , [■,•]) is the direct sum of modified 
Krein spaces. A fundamental symmetry on the Krein space is given by 



J := 



J 

10 

10 

sgn5i 

sgn8 2 



where J : 7 2 (7) -> L 2 (I) is defined by (J /) (x) = f (x) . We define a 
linear operator A in Z by the domain of definition 

D (A) := (/, /n, h 2 , h 3 , h 4 )eZ\ ff G AC loc ((-1, 0)) , f 2 W G AC Joc ((0, 1)) , i = M, 

7/ G 7 2 (7) , L k f = 0, k = 176, hi = f (1) , fc 2 = /'(l), /i 3 = -<$i/' (0) , fc 4 = -<5 2 /(0), 

AF = (Lf, - /'"(l), - /" (1) , /" (0+) - /" (0-) , /"' (0+) - /"' (0-)) , 

F=(f, /(l), f (I), -5^(0), -S 2 f(0))eD(A). 

Consequently, the considered problem (1.1)-(1.9) can be rewritten in oper- 
ator form as 
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AF = XF, 

i.e., the problem (1.1)-(1.9) can be considered as the eigenvalue problem for 
the operator A. Then, we can write the following conclusions: 

Theorem 2.1. The eigenvalues and eigenf unctions of the problem (1.1)- 
(1.9) are defined as the eigenvalues and the first components of the corre- 
sponding eigenelements of the operator A respectively. 

Theorem 2.2. The operator A is self-adjoint in Krein space Z (cf. Theorem 
2.2 of [10];. 

3. Fundamental Solutions 

Lemma 3.1. Let the real-valued function q{x) be continuous in [—1,1] and 
fi (A) (i = 1,4) are given entire functions. Then for any A € C the equation 

(a (x) u" (x))" + q(x)u(x) = \u(x), x G I 

has a unique solution u = u(x, A) such that 

u (-1) = h (A) , u (-1) = h (A) , u" (-1) = h (A) , u'" (-1) = U (A) 
[or u (1) = fi (A) , u (1) = f 2 (A) , u" (1) = h (A) , u'" (1) = f\ (A)) . 

and for each x € [—1,1], u (x, A) is an entire function of A. 

Proof. Let <p u (x,X) be the solution of Eq. (1.1) on [—1,0) which satisfies 
the initial conditions 

n (-l) = O, 0' n (-1) = 0^ (-1) = 0, 

K (-i) = -i. 

By virtue of Lemma 3.1, after defining this solution, we may define the 
solution 4> l2 i x -> A) of Eq. (1.1) on (0, 1] by means of the solution </> n (x, A) 
by the initial conditions 

012 (0) = 0ii (0) , 0' 12 (0) = d>' n (0) , </>'l 2 (0) = < x (0) - X5^' u (0) , 

(3.1) ^ (0) = <i (0) - A^ n (0) . 

After defining this solution, we may define the solution </> 21 (x, A) of Eq. (1.1) 
on [—1,0) which satisfies the initial conditions 

(3.2) <p 21 (-1) = 0, 4>21 ("I) = 02, 021 ("I) = -01, 021 ("I) = 0. 
After defining this solution, we may define the solution (f) 22 (x, A) of Eq. (1.1) 
on (0, 1] by means of the solution <p 2l (x, A) by the initial conditions 

022 (0) = 021 (0) , 022 (0) = 021 (0) , 2 ' 2 (0) = 0^ (0) - X5^' 21 (0) , 

(3.3) 0' 2 ' 2 (0) = 2 'i (0) - A<5 2 21 (0) . 

Analogically we shall define the solutions Xu A) and % 12 (x, A) by the 
initial conditions 

X12 (1) = -1, Xi 2 (1) = X12 (1) = 0, X12 (1) = A, Xu (0) = X12 (0) , 

(3.4) x'u (0) = x'12 (0) , Xi'i (0) = Xi' 2 (0) + Ao- lX ; 2 (0) , 

Xn (0) = x / i , 2 (0) + A<5 2Xl2 (0). 
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Moreover, we shall define the solutions % 2 i ( x > A) and X22 ( x > A) by the 
initial conditions 

X22 (1) = 0, X22 (1) = -1, X22 (1) = A, X22 (1) = 0, X21 (0) = X22 (0) , 
(3.5) X21 (0) = X22 (0) , X21 (0) = X22 (0) + A5 lX2 2 (0) , 

X2i(0) = X22(0) + A(5 2 x 22 (0). 

Let us consider the Wronskians 



Wi (A) := 



and 



W 2 (A) 



</>ii (x, A) 21 (x,A) x n (x,A) x 2 i( a; ,A) 

0ii (x, A) 02i A) x'u {x, A) X21 (x, A) 

0'/ 1 (x,A) , 2 ' 1 (x,A) Xn(^,A) x 2 'i(^A) 

0'/i(x,A) K(x,X) xi'i(x,A) x 2 'i(^A) 



012 (x, A) 022 (a:, A) X12 A) X22 (z, A) 

0' 12 (x, A) 022 (x, A) x'i 2 (z,A) XzzO^A) 

012 {x, A) 022 (x, A) Xi 2 (z,A) Xz^O^A) 

0i' 2 (x,A) 2 ' 2 (x,A) xi' 2 (^A) X22(^A) 



which are independent of x and entire functions. This sort of calculation 
gives W\ (A) = W2 (A) . Now we may introduce in consideration the charac- 
teristic function W (A) as W (A) = Wi (A) . □ 

Theorem 3.2. The eigenvalues of the problem (1.1)- (1.9) are the zeros of 
the function W (A) . 

Proof. Let W (A) = 0. Then the functions n (x, A) , 21 (x, A) and Xn (x, A) , 
X21 {x, A) are linearly dependent, i.e., 

&1011 (z, A) + A; 2 02i (x, A) + fc 3 xii (x, A) + k A \2i (x, A) = 

for some k\ ^ or /c 2 7^ and ^3 ^ or ^4 / 0. From this, it follows 
that /C3X11 ( x > A) + /C4X21 ( x > A) satisfies the boundary conditions (1.2)-(1.3). 
Therefore 

^3X11 {x, A) + &4X21 ( x i A) , xG[-l,0), 
^3X12 {x, A) + hx22 {x, A) , x G (0, 1] 

is an eigenfunction of the problem (1.1)-(1.9) corresponding to eigenvalue A. 

Now we let u (x) be any eigenfunction corresponding to eigenvalue A, 
but W (X) / 0. Then the functions n , 21 , Xiii X21 would be linearly 
independent on (0, 1] . Therefore u (x) may be represented as 



u (x) 



ci0n (x, A) + c 2 02i (x, A) + C3X11 (x, A) + C4X21 {x, A) , x € [-1, 0) ; 

C5012 ( x , A) + C 6 022 (X, A) + C7X12 i x , A) + C 8 X 2 2 { x , A) , x G (0, 1] , 



where at least one of the constants ci, C2, C3, C4, C5, C6, C7 and cs is not zero. 
Considering the equations 



(3.6) 



L v (u(x)) = 0, v = l,8 



as a system of linear equations of the variables c±, c 2 , C3, C4, C5, C6, C7, cs 
and taking (3.1)-(3.5) into account, it follows that the determinant of this 
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system is 













L iXn 


£1X21 
























£2X11 


£2X21 






























-^3012 


^3022 
























^4012 


-^4022 








-012 


(0) 


-022 


(0) 


-X12 (o) 


-X22 (o) 


012 (0) 


022 (0) 


X12 (o) 


X22 (o) 


-012 


(0) 


-022 


(0) 


-X'i 2 (0) 


-X22 (o) 


012 (0) 


022 (0) 


xi 2 (o) 


X22 (o) 


Mil 
-012 


(0) 


Mil 

-022 


(0) 


-X'l'2 (0) 


-x 2 ' 2 (o) 


012 (0) 


022 (0) 


X'l'2 (0) 


X'2'2 (o) 


M'" 

-012 


(0) 


-022 


(0) 


-x'i' 2 (o) 


-x' 2 ' 2 (o) 


012 (0) 


022 (0) 


X'1'2 (0) 


X'2'2 (o) 



= -W(\f + 0. 



Therefore, the system (3.6) has only the trivial solution Cj = [i = 1,8). 
Thus we get a contradiction, which completes the proof. □ 



4. Asymptotic formulae for eigenvalues and fundamental 

solutions 

We start by proving some lemmas. 

Lemma 4.1. Let <p(x,X) be the solution of Eq. (1.1) defined in Section 3, 
and let X = s 4 , s = a + it. Then the following integral equations hold for 
fc = 073 : 



^T0ii (x,X) 

a? d k . s(x + l) a? d fc a? d fc - s( * +1) 

2s 3 <ix fc ai 4s 3 dx k 4s 3 (ix fc 

(41) + 2^ J_, dx^ V Sin ai " e ~ + e ~~ J 9 ^ ^11 ^' A ) 



= ^ 0ig (0) 



a: 



d fc sx /0i 2 (O) 
ax K 02 V ^ 



^0i2 (x, A) 

d fc sx / a 2< />' 12 (0) 
— n I —r~r cos h 

2s 2 / dx fe a 2 V 2s 



' ^12 (0) 



X 



i>i2 (0) ^012 (0) 
. v 2s 2s 3 

2 (0) + «20'i2 (0) + ai0'i' 2 (0) + «20'i' 2 (O) ^ 
4 ' 4s 4s 2 1 4s 3 j 



+ f 012(0) 



4s 

(4 - 2j + 2s 3 i dxH a 2 



"201210) aj0' 1 ' 2 (0) _ ai0' 1 ' 2 (O) \ ^ e -f| 

4s 2 4s 3 J dx k 

s(x — y) s(x — y) N 

— e a 2 + e a 2 



/ (y) 012 (y> A) dy. 
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d k 



dx k 



fta? d k s(x + l) p 2 ai d k s(x + l) 

= 7T -r-r cos 1 — r sin 

2s z dx K a\ 2s dx K a\ 

( fai _ Pi<*j \ ^ £fe±ll _ (faai fta? \ d^_ _£fe±i) 

V 4s 4s 2 J dx k& ^ V 4s 4s2 / dxk& 

^3 PX ^jh / g y\ s(x — y) s(x — y) \ 

(43) /_! ^ V Sin Oi " 6 ~ + J q ^ ^' A ) 



-^^22 (a:, A) 

022 (0) _ 4ft22(0A CQS SX (0) _ (0) 

2 2s 2 / dx k C ° S a 2 V 2s 2 « 3 

v ^ ^ SX J_ (°) JU ° 2< ^2 (0) M (°) u_ °2^22 (0) 

X t Sin t . ~r . ~r . t 



<ix fc a 2 V 4 4s 4s 2 4s 3 

x ^ e ff + (hA _ Q2 ^22 (0) al^ 2 (0) _ 4^22 (0) \ 
V 4 4s 4s 2 4s 3 / 



(4 4) +^ f — 

1 J + 2s 3 y 



d fc / s (x - y) s{x-v) _s(x- y y 

'sm — e "2 + e « 2 ) q (y) 22 (y, A) dy. 



Proof. Regard 4> n (x, A) as the solution of the following non-homogeneous 
Cauchy problem: 

— (a (x) u" (x))" — s 4 u (x) = q (x) <p n (x, A) , 
n (-l,A) = l, 0' n (-l,A) = O, 
< 1 (-1,A) = 0, <!(-l,A) = 0. 

Using the method of constant changing, n (x, A) satisfies 

. , , . x , of . s(x + l) a? a? _£(2±il 

a? /" x / s (x — y) s(x-y) s(x-y) \ 
+ ^3 y ( sin — e +e »i 1 q{y)<j) 11 (y,\)dy. 

Then differentiating it with respect to x, we have (4.1) . The proof for (4.2) , 
(4.3) and (4.4) is similar. □ 

Lemma 4.2. Let A = s 4 , s = a + it. Then the following integral equations 
hold for k = 0, 3 : 

(4.5) _ <All ( X)A ) = of|s| A; - 1 e W ^ 
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d k 
dx k 



(x,A) 



a%s 2 5i6 u (0) d k sx ais<5 2 c/>i] (0) d k sx 

n: cos 1 r~c sm — 

2 dx K a 2 2 ax' a 2 



(4.6) - 



4fSi^n (0) d fc 
4 <ix fc 



( ax s£ \ 
e a 2 _|_ g a 2 j _ 

+0 ( e 1 1 V »i«2 J 



4s6 2 <l> 11 (0) d k 



dx k 



e°2 - e a 2 



d k 

^21 (x, A) 



/3 2 ai d fc . s(x + l) /3 2 ai d fe / £i£±li _«fe±ll\ ^ /. lfe _ 2 i s i£+i\ 



^022 A) 

_ O2S 2 (5i02i (0) d k ^ sx a 2 S(5 2 21 (0) d' 
2 <ix fc a 2 2 dx '" 



sx 

a!x fc a 2 



z ax^ a 2 z ax"- a 2 

(, ik-l( a 1 x+a 2 \\ 
e 1 1 V «i« a ) . 

i?ac/j of these asymptotic formulae holds uniformly for x as |A| — > oo. 
Proof. Let 

F n (x,A) = e ~ |s| ^ i </) 11 (x,A). 

It is easy to see that F\\ (x, A) is bounded. Therefore n (x, A) = O (e) . 
Substituting it into (4.1) and differentiating it with respect to x for k = 0, 3, 
we obtain (4.5). According to transmission conditions (1.4)-(1.7) as |A| — > oo, 
we get 

012 (0) = <Aii (0) , 0' 12 (0) = <P' n (0) , 0i 2 (0) = s%4>' n (0) , 

012 (0) = S%4>11 (0) . 

Substituting these asymptotic formulae into (4.2) for k = 0, we obtain 

. , . a 2 >s 2 8i(b\-\ (0) sx anS^cdii (0) . sx 

012 (x, A) = — cos — + sm — 

2 a 2 2 a 2 

a%s 2 5id>' n (0) / I* -S2L\ aoS(520ii (0) / sz. -ss.\ 

Z ril y , + e z -Til \ ) ^ e a 2 _ e a2 j 

al f x ( s(x — y) <*-y) _ \ 

+ 2s* J l sm Q2 ~ 6 ° 2 +e a2 U^y) 0i2 (y. A ) 

(4.7) +0 ( e 1 'V «i«2 ) 
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3 \ 2 \( a l x + a 2 \ 

Multiplying through by \s\ e v a i a 2 J ; and denoting 

F 12 (x, A) := (\s\- 3 e - |s| (^f 12 ( x , A) . 

Denoting M := max^g^i] \F\2 (x, A)| from the last formula, it follows that 

M(A)<^^ [ X q(y)dy + M 
2\s\ Jo 

for some Mq > 0. From this, it follows that M (A) = O (1) as |A| — >■ 00, so 

12 ( X ,A) = O ^|s| 3 e |s| ( £ ^ 2 )^ . 

Substituting this back into the integral on the right side of (4.7) yields (4.6) 
for k = 0. The other cases may be considered analogically. □ 

Similarly one can establish the following lemma, for \ij (x, A) (i = 1, 2,j = 1, 

Lemma 4.3. Let A = s 4 , s = a + it. Then the following integral equations 
hold for k = 0, 3 : 

d k 

^fcXn (*,A) 

a?s 2( ^iXi9 (0) <i fe sx a?s52Yi9 (0) <i fe sx 

= i „ 12 — - , cos h — — ^ — —r sin — 

2 ax ft ai 2 ax* 1 ai 

a?s 2 5iY / ,o (0) d k f S2L _s 

+ 4 ^r i+e ai 



a?s52Xi9 (0) d fc / ss. 

d k 



) 



^SXi2(x,A) 



1 (1-^) 



a 2 s 2 5iYo 9 (0) sx a?s5 2 Y 22 (0) d fe 
= 22 — —r cos h — — — - . sin — 

2 ax* 1 ai 2 ax" 1 a\ 

a 2 lS 2 S lX f 22 (0) d k | | afeteW g / 



</ r'° V ' ) ' 4 '/ r'' 

+ o(i s r 2 e |s| (^)) 



s(x — 1) s(x — 1) 



d fe . aos 2 d fc s(x-l) aas 2 d k , 

^ 22(X ' A) = - — ^ COB -^- + ~ dx^ " " e 

+Ol | S | fe+1 e |s| ^ 



where k = 0,3. Each of these asymptotic formulae holds uniformly for x. 
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Theorem 4.4. Let X = s , s = a + it. Then the characteristic functions 
Wi (A) (i = 1, 2) /jaue i/ie following asymptotic formulae: 

Wi (A) = W 2 (A) = O (js| n e 2lsl (^? 

Proof. Substituting the asymptotic equalities jljxXii ( — 1> A) an d j!jxX2i ( — 1> A) 
into the representation of VFi (A) , we get 

Wi(A) 

Xn(-1,A) X2i(-!>A) 
Xll (-1,A) x 2 i(-l,A) 







-1 





-(3, xi'i(-l,A) x 2 'i(-l,A) 
xil(-l,A) xSi(-l,A) 



(x'l2 (0)X22 (0)-Xl2 (0)X22 (0)) 









+ 





/?2 








cos 



-—sin— — 



-% cos — 

ai 

-4- sin -f- 



sin -f- 

— COS — 

ai ai 



e a i — e a i 

_ s s 

e a i — e a i 

s s 
goi 



^ e»i 



,0! ^ 



e a i + e a i 
s | — e~"i + e 
2 / — , — 

^ I v-> (7.1 ^) (7,1 



—A 



ai \ 

— %sin-f- s 3 ( -e "I + e 

+o(| S | 15 e 2| <^) 
= 0. 

Analogically, we can obtain the asymptotic formulae of W2 (A) . 



□ 



Corollary 4.5. The real eigenvalues of the problem (1.1)- (1.9) are bounded 
below. 

Proof. Putting s 2 = it 2 (t > 0) in the above formulas, it follows that 

W (~t 2 ) -)• 00 as t -> 00. 

Therefore, W (A) 7^ for A negative and sufficiently large in modulus. □ 

Corollary 4.6. The non-real eigenvalues of the problem (1.1)-(1.9) are 
bounded below and above. 

Now we can obtain the asymptotic approximation formulae for the eigen- 
values of the considered problem (1.1)-(1.9). 

Since the eigenvalues coincide with the zeros of the entire function W (A), 
it follows that they have no finite limit. Moreover, we know from Corollary 
4.5 that all real eigenvalues are bounded below. Hence, we may renumber 
them as Aq < Ai < A2 < listed according to their multiplicity. 
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Theorem 4.7. The eigenvalues X n = s„, n = 0,1,2,... of the problem 
(1.1)- (1.9) have the following asymptotic formulae for n — > oo : 



{[K = ai ^ 2n - l) +0( 1 -) andfc = a27r{2n + 1) + 0(±-). 

_■ \ 71/ J — \ / 

Proof. By applying the well-known Rouche's theorem, which asserts that if 
f (s) and g (s) are analytic inside and on a closed contour C, and \g (s) \ < 
\f (s)\ on C, then / (s) and / (s) + g (s) have the same number zeros inside 
C provided that each zero is counted according to their multiplicity, we can 
obtain these conclusions. □ 
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